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Abstract In this paper, based on the advantages of bipolar fuzzy sets (BFSs) and hesitant fuzzy
set (HFS), the concept of dual hesitant bipolar fuzzy sets (DHBFSs) is introduced and their operation
rules and properties are discussed. The objective of this paper was to develop some novel Heronian
Mean (HM) operators for any dual hesitant bipolar fuzzy elements (DHBFEs). The advantage of em-
ploying Heronian Mean operator mainly lie in considering the interrelationships between parameters
and handling uncertainty and ambiguity information that exist in the real world. Thus, based on the
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DHBFS environment, we develop a family of dual hesitant bipolar fuzzy Heronian Mean aggregation
operators, such as the generalized dual hesitant bipolar fuzzy Heronian Mean (GDHBFHM) operator,
the generalized dual hesitant bipolar fuzzy weighted Heronian Mean (GDHBFWHM) operator, the
dual hesitant bipolar fuzzy geometric Heronian Mean (DHBFGHM) operator, the dual hesitant bipolar
fuzzy weighted geometric Heronian Mean (DHBFWGHM) operator. And the properties of these pro-
posed operators are studied. Furthermore, an approach based on the GDHBFWHM operator and the
DHBFWGHM operator is proposed for multiple attribute decision making problems under dual hesitant
bipolar fuzzy environment. Finally, a numerical example and comparative analysis is given to illustrate
the application of the proposed approach.

Keywords dual hesitant bipolar fuzzy sets; multiple attribute decision making; Heronian Mean op-
erators; GDHBFWHM; DHBFWGHM

1 Introduction
Decision-making is prevalent in the realm of social development encompassing diverse ac-

tivities like housing investments by residents, commodity purchases, tourism decisions, risk
assessments for financial investments performance evaluations, and myriad other daily endeav-
ors. These situations necessitate a scientific and holistic approach to decision-making. Given
the escalating complexity of decision-making environments and the inherent fuzziness in experts’
cognitive processes, fuzzy decision-making frameworks grounded in fuzzy set theory [1] have gar-
nered extensive research attention [2–7]. As humanity’s understanding of information fuzziness
in real-world scenarios deepens, scholars have augmented and refined the fuzzy set theory, intro-
ducing advancements such as interval-valued fuzzy sets (IVFS) [8], type-2 fuzzy sets (T2FS) [9],
and type-n fuzzy sets (TnFS) [10]. Nevertheless, these frameworks predominantly focus on quan-
tifying an element’s belongingness toa set, leaving gaps in comprehensively portraying uncertain
phenomena. Recognizing this limitation, Atanassov [11] introduced the intuitionistic fuzzy set
(IFS) in 1983. IFS embodies a dual dimensionality comprising both “membership” and “non-
membership.” The membership degree quantifies the extent to which an element belongs to
a particular set, whereas the non-membership degree gauges the extent to which it does not.
Importantly, IFS adheres to the principle that the sum of the membership and non-membership
degrees must not exceed unity. However, in the real life, some situations are often encountered
in which it is difficult to determine the membership of element to a given set due to the hesi-
tation between a few different values. To solve this problem, recently, the concept of hesitant
fuzzy set (HFS) was introduced by Torra [12] to enrich the fuzzy set. It permits the membership
of an element to a given set having a few different values, which has been a reasonable tool to
describe the imprecise or uncertain decision information.

As a new generalized type of fuzzy sets, HFS has received a considerable attention and
has been applied to a various field of decision making [13–22]. More recently, the bipolar fuzzy
set (BFS) [23,24] has been proposed to depict uncertainty in multiple attribute decision making
(MADM) problems, which use the positive membership degree and the negative membership
degree to define an object. But different from the IFS, the range of membership degree of the
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bipolar fuzzy set is [–1, 1]. In order to provide more comprehensive, accurate, and flexible
decision-making information, Xu et al. [25] proposed the concept of dual hesitant bipolar fuzzy
set (DHBFS). It can simultaneously consider both positive and negative information as well
as their hesitation, providing decision-makers with more comprehensive and detailed decision-
making information. By introducing hesitation, dual hesitant bipolar sets can handle uncertain
information more flexibly, enabling decision-makers to make more reasonable judgments when
facing complex and ambiguous situations. In summary, by combining the characteristics of
bipolar fuzzy sets and hesitant fuzzy sets, dual hesitant bipolar sets can more accurately reflect
the actual situation, thereby improving the accuracy of decision-making. Jana et al. [26] proposed
bipolar fuzzy Dombi prioritized aggregation operators in multiple attribute decision making. Wei
et al. [27] proposed bipolar fuzzy Hamacher aggregation operators in multiple attribute decision
making. Gao et al. [28] proposed dual hesitant bipolar fuzzy Hamacher prioritized aggregation
operators in multiple attribute decision making. Muhammad et al. [29] proposed cubic bipolar
fuzzy set with application to multi-criteria group decision making using geometric aggregation
operators. Gao et al. [30] proposed dual hesitant bipolar fuzzy hamacher aggregation operators
and their applications to multiple attribute decision making.

As more and more scholars are becoming aware of the correlation between arguments, it
is very important to the aggregated result. In order to better reflect the interaction between
attributes and make the decision results more realistic, the Heronian Mean (HM) [31] operator,
which can effectively take the interrelationship between arguments into account, has drawn
large quantity of scholars’ attention. Tahir et al. [32] proposed a novel approach towards Hero-
nian Mean operators in multiple attribute decision making under the environment of bipolar
complex fuzzy information. Qiyas et al. [33] studied a novel approach of linguistic picture fuzzy
Dombi Heronian Mean operators and their application to emergency program selection. Rao
et al. [34] discussed a novel MADM algorithm for physical education teaching quality evalua-
tion based on 2-tuple linguistic neutrosophic numbers power Heronian Mean operators. Akram
et al. [35] extended MABAC method based on 2-tuple linguistic T-spherical fuzzy sets and Hero-
nian Mean operators: An application to alternative fuel selection. Xu et al. [36] proposed gen-
eralized cross weighted Heronian Mean operators and their application to binary classification.
Anusha et al. [37] proposed Einstein Heronian Mean aggregation operator and its application in
decision making problems. Tian et al. [38] developed covering-based compound mean operators
arising from Heronian and Bonferroni Mean operators in fuzzy and intuitionistic fuzzy environ-
ments. Fan et al. [39] discussed dynamic multi-attribute decision-making based on interval-valued
picture fuzzy geometric Heronian Mean operators. Kumar et al. [40] studied group decision mak-
ing based on advanced intuitionistic fuzzy weighted Heronian Mean aggregation operator of
intuitionistic fuzzy values. Hazwani et al. [41] proposed Heronian Mean operators considering
shapley fuzzy measure under interval neutrosophic vague environment for an investment de-
cision. Tahir et al. [42] proposed a method to multi-attribute decision making problems by
using Heronian Mean operators based on linear diophantine uncertain linguistic settings. Zhang
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et al. [43] discussed spherical fuzzy Dombi power Heronian Mean aggregation operators for mul-
tiple attribute group decision-making. Wang et al. [44] proposed interaction power Heronian
Mean aggregation operators for multiple attribute decision making with T-spherical fuzzy in-
formation. Wang et al. [45] developed a new three-way group decision-making model based on
geometric Heronian Mean operators with q-rung orthopair uncertain linguistic information.

And it seems that there is no investigation on how to combine the Heronian Mean operations
with dual hesitant bipolar fuzzy information. To do so, the motivations of this paper are
outlined below:

1) Dealing with complex uncertainty: In the decision-making process, decision-makers often
face complex and uncertain information. These pieces of information may contain both positive
and negative evaluations, and the degree of evaluation may also be hesitant. In order to more ef-
fectively handle this complex uncertainty, researchers have proposed the concept of dual hesitant
bipolar fuzzy sets (DHBFSs). On this basis, the further development of dual hesitant bipolar
fuzzy Heronian Mean operators aims to provide a more refined and comprehensive method for
integrating and processing such information.

2) Improving decision accuracy: Traditional fuzzy sets and hesitant fuzzy sets may have
limitations in handling certain types of decision information. For example, they may not be
able to fully capture the interactions or hesitations between attributes. Dual hesitant bipolar
fuzzy Heronian Mean operators, by combining the characteristics of bipolar fuzzy sets and
hesitant fuzzy sets, and utilizing the advantages of Heronian Mean, can more accurately reflect
the actual situation, thereby improving the accuracy of decision-making.

3) Meeting practical application needs: In practical applications, decision makers may need
to deal with problems that contain multiple types of uncertain information. For example, in
fields such as multi-attribute decision-making, risk assessment, recommendation systems, etc.,
it may be necessary to consider both positive and negative evaluations as well as hesitation.
The proposal of dual hesitant bipolar fuzzy Heronian Mean operators is aimed at meeting the
needs of these practical applications.

The remainder of this paper is set out as follows. In Section 2, we introduce some basic
concepts related to dual hesitant bipolar fuzzy sets (DHBFSs) and some operational laws of
DHBFSs. In Section 3, we have developed some dual hesitant bipolar fuzzy Heronian Mean
aggregation operators and studied some desirable properties of the proposed operators. In Sec-
tion 4, we have applied these operators to develop some models for multiple attribute decision
making (MADM) problems based on the Heronian Mean aggregation operators with dual hesi-
tant bipolar fuzzy information. In Section 5, a practical example is given to verify the developed
approach and to demonstrate its practicality and effectiveness. In Section 6, we conclude the
paper and give some remarks.
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2 Preliminaries
2.1 Dual Hesitant Bipolar Fuzzy Set (DHBFS)

Definition 1 Let X be a reference set, an HFS [46] A on X is denoted by a function hA(x)
that returns a subset of [0, 1] when it is applied to X. To make it easier to understood, the HFS
is expressed by a mathematical symbol:

A = {⟨x, hA(x)⟩ | x ∈ X}, (1)

where hA(x) is a set of some different values indicating all possible membership degrees of the
element x ∈ X to the set A. For convenience, hA(x) is called a hesitant fuzzy element (HFE),
which is denoted by hA(x) = {γ | γ ∈ hA(x)}.

Definition 2 Let X be a fix set. A bipolar fuzzy set(BFS) is an object having the form:

B = {⟨x, (u+B(x), v
−
B(x))⟩ | x ∈ X},

where the positive membership degree function u+B(x): X → [0, 1] denotes the satisfaction degree
of an element x to the property corresponding to a BFSB and the negative membership degree
function v−B(x): X → [0, 1] denotes satisfaction degree of an element x to some implicit counter-
property corresponding to a BFSB, respectively, and, for every x ∈ X. For convenience, let
b = (u+, v−) be a bipolar fuzzy number (BFN).

Definition 3 Let b = (u+, v+), b1 = (u+1 , v
−
1 ) and b2 = (u+2 , v

−
2 ) be three BFNs, and some

basic operations on them are defined as follows:
(1) b1

⊕
b2 = (u+1 + u+2 − u+1 u

+
2 ,−|v−1 ||v

−
2 |);

(2) b1
⊗
b2 = (u+1 u

+
2 , v

−
1 + v−2 − v−1 v

−
2 );

(3) λb = (1− (1− u+)λ,−|v−|λ), λ > 0;
(4) bλ = ((u+)λ,−1 + |1 + v−|λ), λ > 0.
Definition 4 Given a fixed set X, then a hesitant bipolar fuzzy set (HBFS) on X is in

terms of a function that when applied to X returns a subset of [0, 1]. The dual hesitant bipolar
fuzzy set (DHBFS) can be expressed by mathematical symbol:

P = {⟨x, hP (x)⟩ | x ∈ X}, (2)

where hP (x) is a set of some bipolar values in P, hP (x) = (u+, v−), and the possible membership
degrees u+ : X → [0, 1] denotes the possible satisfaction degree of an element x to the property
corresponding to a DHBFS and the possible nonmembership degrees u− : X → [−1, 0] denotes
the possible satisfaction degree of an element x to some implicit counter property corresponding
to a DHBFS, respectively, and, for every x ∈ X, with the conditions: 0 ≤ u+ ≤ 1,−1 ≤ v− ≤ 0.

For convenience, we called p = ⟨{u+}, {v−}⟩ a dual hesitant bioplar fuzzy element (DHBFE).
Definition 5 Let p = ⟨{u+}, {v−}⟩, p1 = ⟨{u+1 }, {v

−
1 }⟩ and p2 = ⟨{u+2 }, {v

−
2 }⟩ be three

DHBFEs, and some basic operations on them are defined as follows:
(1) p1

⊕
p2 = ({u+1 + u+2 − u+1 u

+
2 }, {−|v−1 ∥v

−
2 |});
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(2) p1
⊗
p2 = ({u+1 u

+
2 }, {v

−
1 + v−2 − v−1 v

−
2 });

(3) λp = ({1− (1− u+)λ}, {−|v−|λ}), λ > 0;
(4) pλ = ({(u+)λ}, {−1 + |1 + v−|λ}), λ > 0.
Definition 6 Let p = ⟨u+, v−⟩ be a DHBFE, then we define the score function of p as

follows:

S(p) =
1

2

(
1 +

1

#u+
∑

γ+∈u+

γ+ +
1

#v−
∑

η−∈v−
η−
)
, (3)

where #u+ and #v− are the numbers of the elements in u+ and v− respectively.
Definition 7 Let p = ⟨u+, v−⟩ be a DHBFE, then we define the accuracy function of p as

follows:

H(p) =
1

2

(
1

#u+
∑

γ+∈u+

γ+ − 1

#v−
∑

η−∈v−
η−
)
, (4)

where #u+ and #v− are the numbers of the elements in u+ and v− respectively.
Inspired by this idea, based on the score S(p) and the accuracy degree H(p), we can compare

and rank two DHBFEs in the following definition.
Definition 8 Let p1 = ⟨{u+1 }, {v

−
1 }⟩ and p2 = ⟨{u+2 }, {v

−
2 }⟩ be two HBFEs, S(p1) be the

score function of p1 and S(p2) be the score function of p2,H(p1) be the accuracy function of p1
and H(p2) be the accuracy function of p2. Then

(1) If S(p1) < S(p2), then p1 < p2;
(2) If S(p1) > S(p2), then p1 > p2;
(3) If S(p1) = S(p2), then
If H(p1) = H(p2), then p1 ∼ p2;
If H(p1) > H(p2), then p1 ≻ p2.

2.2 HM Operator
The HM [31] is an important modeling tool to reflect the interrelationship between the input

arguments, which is defined as follows.
Definition 9 Let (h1, h2, · · · , hn) be a collection of nonnegative real number so that

hi ∈ [0, 1] (i = 1, 2, · · · , n), then the HM is defined as follows:

HM(h1, h2, · · · , hn) =
2

n(n+ 1)

n∑
k=1

n∑
t=k

√
hkht. (5)

Based on Definition 9, Yu [47] proposed the generalized Heronian Mean as follows:
Definition 10 Let ρ, ψ ≥ 0 with ρ+ψ > 0, (h1, h2, · · · , hn) be a collection of nonnegative

real number so that hi ∈ [0, 1] (i = 1, 2, · · · , n), if

GHMρ,ψ(h1, h2, · · · , hn) =

(
2

n(n+ 1)

n∑
k=1

n∑
t=k

hρkh
ψ
t

) 1
ρ+ψ

, (6)
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then HMρ,ψ is called the generalized Heronian Mean operator or Heronian Mean operator with
parameter. It is obvious that when ρ = ψ = 1

2 , the HMρ,ψ operator transforms into the above-
mentioned traditional HM operator.

3 Dual Hesitant Bipolar Fuzzy HM Aggregation Operators
3.1 Dual Hesitant Bipolar Fuzzy HM Aggregation Operators

Definition 11 Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, the general-

ized dual hesitant bipolar fuzzy Heronian Mean (GDHBFHM) operator is a mapping DHBFHM:
DHBFEn → DHBFE can be defined as

GDHBFHMρ,ψ(p1, p2, · · · , pn) =
(

2

n(n+ 1)

n⊕
i=1

n⊕
j=i

(pρi
⊗

pψj )

) 1
ρ+ψ

, (7)

where ρ, ψ ≥ 0.
Theorem 1 Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, then the

aggregation result using DHBFHM operator is also a DHBFE and

GDHBFHMρ,ψ(p1, p2, · · · , pn)

=

⟨{(
1−

n∏
i=1
j=i

(1− (γ+i )
ρ(γ−j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1− (1 + η−i )
ρ(1 + η−j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}⟩

,
(8)

where ρ, ψ ≥ 0.
Proof. Based on the operational laws of DHBFEs, we have

pρi =
⟨
{(γ+i )

ρ}, {−1 + (1 + η−i )
ρ}
⟩
, pψj =

⟨
{(γ+j )

ψ}, {−1 + (1 + η−j )
ψ}
⟩
.

Thus

pρi
⊗

pψj =
⟨
{(γ+i )

ρ(γ+j )
ψ}, {−1 + (1 + v−i )

ρ(1 + v−j )
ψ}
⟩

Therefore,

n⊕
i=1

n⊕
j=i

(pρi
⊗

pψj ) =

⟨1−
n∏

i=1,j=i

(1− (γ+i )
ρ(γ+j )

ψ)

 ,


n∏

i=1,j=i

(1− (1 + v−i )
ρ(1 + v−j )

ψ)


⟩
.

Furthermore

2

n(n+ 1)

n⊕
i=1

n⊕
j=i

(pρi
⊗

pψj )

⟨1−
n∏

i=1,j=i

(1− (γ+i )
ρ(γ+j )

ψ)
2

n(n+1)

 ,


n∏

i=1,j=i

(1− (1 + v−i )
ρ(1 + v−j )

ψ)
2

n(n+1)


⟩
.

Therefore,

GDHBFHMρ,ψ(p1, p2, · · · , pn) =

 2

n(n+ 1)

n⊕
i=1

n⊕
j=i

(pρi
⊗

pψj )

 1
ρ+ψ

=

⟨{(
1−

n∏
i=1
j=i

(1− (γ+i )
ρ(γ+j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1− (1 + η−i )
ρ(1 + η−j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}⟩

.
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Then, we complete the proof.
In what follows, we shall investigate some desirable properties of GDHBFHM.
Theorem 2 (Idempotency) Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs.

If all pi (i = 1, 2, · · · , n) are equal, i.e., pi = p = ⟨{γ+}, {η−}⟩ for all i, then

GDHBFHMρ,ψ(p1, p2, · · · , pn) = ⟨{γ+}, {η−}⟩. (9)

Theorem 3 (Monotonicity) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) and p′i = (u′+i , v

′−
i )

(i = 1, 2, · · · , n) be two collections of DHBFEs. If pi ≤ pi for all i, then

GDHBFHMρ,ψ(p1, p2, · · · , pn) ≤ GDHBFHMρ,ψ(p′1, p
′
2, · · · , p′n). (10)

Theorem 4 (Boundedness) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs,

and let p− = mini pi, p+ = maxi pi, then

p− ≤ GDHBFHMρ,ψ(p1, p2, · · · , pn) ≤ p+. (11)

Now, we can discuss some special cases of the GDHBFHM operator with respect to the
parameter ρ, ψ.

Case 1: If ρ = ψ = 1
2 , then the GDHBFHM reduces to DHBFHM as follows:

GDHBFHM
1
2 ,

1
2 (p1, p2, · · · , pn) =

 2

n(n+ 1)

n⊕
i=1

n⊕
j=i

(p
1/2
i

⊗
p
1/2
j )


=

⟨{(
1−

n∏
i=1
j=i

(1−
√
γ+i γ

+
j )

2
n(n+1)

) 1
ρ+ψ
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1−
√
(1 + η−i ) (1 + η−j ))

2
n(n+1)

)}⟩
. (12)

Case 2: If ψ → 0, then the GDHBFHM reduces to the generalized dual hesitant bipolar
fuzzy mean (GDHBFM) as follows:

lim
ψ→0

GDHBFHM ρ,ψ(p1, p2, · · · , pn) =

(
1

n

n⊕
i=1

(pρi )

) 1
ρ

=

⟨
(
1−

n∏
i=1

(1− (γ+i )
ρ)

1
n

) 1
ρ

 ,

−1 +

(
1−

n∏
i=1

(1− (1 + η−i )
ρ)

1
n

) 1
ρ


⟩
. (13)

Case 3: If ρ = 2, ψ → 0, then the GDHBFHM reduces to the generalized dual hesitant
bipolar fuzzy square mean (GDHBFSM) as follows:

GDHBFHM2,0(p1, p2, · · · , pn) =

(
1

n

n⊕
i=1

(p2i )

) 1
2

=

⟨
(
1−

n∏
i=1

(1− (γ+i )
2)

1
n

) 1
2

 ,

−1 +

(
1−

n∏
i=1

(1− (1 + η−i )
2)

1
n

) 1
2


⟩
. (14)
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Case 4: If ρ = 1, ψ → 0, then the GDHBFHM reduces to the dual hesitant bipolar fuzzy
average (DHBFA) as follows:

GDHBFHM1,0(p1, p2, · · · , pn) =
1

n

n⊕
i=1

(pi)

=

⟨{
1−

n∏
i=1

(1− γ+i )
1
n

}
,

{
−1 +

(
1−

n∏
i=1

(−η−i )
1
n

)}⟩
. (15)

Case 5: If ρ = ψ = 1, then the GDHBFHM reduces to the dual hesitant bipolar fuzzy
interrelated square mean as follows:

GDHBFHM1,1(p1, p2, · · · , pn) =

 2

n(n+ 1)

n⊕
i=1

n⊕
j=i

(pi
⊗

pj)

 1
2

=

⟨{(
1−

n∏
i=1
j=i

(1− γ+i γ
+
j )

2
n(n+1)

) 1
2
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1− (1 + η−i ) (1 + η−j ))
2

n(n+1)

) 1
2
}⟩

. (16)

Case 6: If ρ→ ∞, ψ = 0, then the GDHBFHM reduces to

lim
ρ→∞

GDHBFHMρ,0(p1, p2, · · · , pn) = lim
ρ→∞

(
1

n

n⊕
i=1

(pρi )

) 1
ρ

= max
i

(pi). (17)

Case 7: If ρ→ 0, ψ = 0, then the GDHBFHM reduces to

lim
ρ→0

GDHBFHMρ,0(p1, p2, · · · , pn) = lim
ρ→0

(
1

n

n⊕
i=1

(pρi )

) 1
ρ

=

n⊗
i=1

(pi)
1
n =

(
n⊗
i=1

pi

) 1
n

. (18)

3.2 Dual Hesitant Bipolar Fuzzy WHM Aggregation Operators
In the above section, the GDHBFHM operator does not consider the importance of the

aggregated arguments. However, in many real practical situations, especially in MADM, the
weights of attributes play an important role in the process of aggregation. To overcome the
limitation of GDHBFHM, we shall propose the generalized dual hesitant bipolar fuzzy weighted
Heronian Mean (GDHBFWHM) operator as follows.

Definition 12 Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, w = (w1,

w2, · · · , wn)T be the weight vector of pi = (u+i , v
−
i ) (i = 1, 2, · · · , n), and wj > 0,

∑n
j=1 wj = 1,

the generalized dual hesitant bipolar fuzzy weighted Heronian Mean (GDHBFWHM) operator
is a mapping GDHBFWHM:

DHBFEn → DHBFE can be defined as

GDHBFWHMρ,ψ(p1, p2, · · · , pn) =

 n⊕
i=1

n⊕
j=i

(
wiwj(p

ρ
i

⊗
pψj )
) 1

ρ+ψ

, (19)

where ρ, ψ ≥ 0.
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Theorem 5 Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, then the

aggregation result using GDHBFWHM operator is also a DHBFE and

GDHBFWHMρ,ψ(p1, p2, · · · , pn)

=

⟨(
1−

n∏
i=1
j=i

(
1− (γ+i )

ρ(γ+j )
ψ
)wiwj) 1

ρ+ψ

,

(
− 1 +

(
1−

n∏
i=1
j=i

(
1− (1 + η−i )

ρ(1 + η−j )
ψ
)wiwj) 1

ρ+ψ
)⟩

.

(20)

Proof. Based on the operational laws of DHBFEs, we have

pρi =
⟨
{(γ+i )

ρ}, {−1 + (1 + η−i )
ρ}
⟩
, pψj =

⟨
{(γ+j )

ψ}, {−1 + (1 + η−j )
ψ}
⟩
.

Thus

pρi
⊗

pψj =
⟨
{(γ+i )

ρ(γ+j )
ψ}, {−1 + (1 + η−i )

ρ(1 + η−j )
ψ}
⟩
.

Therefore,

n⊕
i=1

n⊕
j=i

((wip
ρ
i )
⊗

(wjp
ψ
j )) =

⟨1−
n∏

i=1,j=i

(1− (γ+i )
ρ(γ+j )

ψ)wiwj

 ,


n∏

i=1,j=i

(1− (1− η−i )
ρ(1− η−j )

ψ)wiwj


⟩
.

Therefore,

GDHBFWHMρ,ψ(p1, p2, · · · , pn) =

(
n⊕
i=1

n
j=i

(
wiwj(p

ρ
i

⊗
pψj )
)) 1

ρ+ψ

=

⟨{(
1−

n∏
i=1
j=i

(1− (γ+i )
ρ(γ+j )

ψ)wiwj
) 1
ρ+ψ
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1− (1 + η−i )
ρ(1 + η−j )

ψ)wiwj
) 1
ρ+ψ
}⟩

.

Then, we complete the proof.
It can be easily proved that the GDHBFWHM operator has the following properties.
Theorem 6 (Idempotency) Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs.

If all pi (i = 1, 2, · · · , n) are equal, i.e., pi = p = ⟨{γ+}, {η−}⟩ for all i, then

GDHBFWHMρ,ψ(p1, p2, · · · , pn) =
⟨
{γ+}, {η−}

⟩
. (21)

Theorem 7 (Monotonicity) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) and p′i = (u+i , v

−
i )

(i = 1, 2, · · · , n) be two collections of DHBFEs. If pi ≤ p′i for all i, then

GDHBFWHMρ,ψ(p1, p2, · · · , pn) ≤ GDHBFWHMρ,ψ(p′1, p
′
2, · · · , p′n). (22)

Theorem 8 (Boundedness) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs,

and let p− = mini pi, p+ = maxi pi, then

p− ≤ GDHBFWHMρ,ψ(p1, p2, · · · , pn) ≤ p+. (23)
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3.3 Dual Hesitant Bipolar Fuzzy GHM Aggregation Operators
In the following, Yu [41] explored the geometric Heronian Mean (GHM) considering both the

HM and the geometric mean (GM).
Definition 13 Let ρ, ψ ≥ 0 with ρ+ ψ > 0, (h1, h2, · · · , hn) be a collection of nonnegative

real number, if

HMρ,ψ(h1, h2, · · · , hn) =
1

ρ+ ψ

 n∏
k=1,t=k

(ρhk + ψht)

 2
n(n+1)

, (24)

then HMρ,ψ is called the geometric Heronian Mean (GHM) operator.
The geometric Heronian Mean (GHM) operator [41], however, have usually been used in

situations where the input arguments are the non-negative real numbers. In this section, we
shall investigate the GHM operator with DHBFEs. Based on Definition 13, we give the definition
of the dual hesitant bipolar fuzzy geometric Heronian Mean (DHBFGHM) operator as follows.

Definition 14 Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, the

DHBFGHM operator is a mapping:
DHBFEn → DHBFE can be defined as

DHBFGHMρ,ψ(p1, p2, · · · , pn) =
1

ρ+ ψ
(

n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj))
2

n(n+2) , (25)

where ρ, ψ ≥ 0.
Theorem 9 Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, then the

aggregation result using DHBFGHM operator is also a DHBFE and

DHBFGHMρ,ψ(p1, p2, · · · , pn)

=

⟨{
1−

(
1−

n∏
i=1
j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)
2

n(n+2)

) 1
ρ+ψ
}
,

{
−
(
1−

n∏
i=1
j=i

(1− (−η−i )
ρ(−η−j )

ψ)
2

n(n+2)

) 1
ρ+ψ
}⟩

, (26)

where ρ, ψ ≥ 0.
Proof. Based on the operational laws of DHBFEs, we have

ρpi =

⟨{
q

√
1− (1− uqi )

ρ

}
, {vρi }

⟩
, ψpj =

⟨{
q

√
1− (1− uqj)

ψ
}
,
{
vψj

}⟩
.

Thus

ρpi
⊕

ψpj =
⟨
{1− (1− γ+i )

ρ(1− γ+j )
ψ}, {(−η−i )

ρ(−η−j )
η}
⟩
.

Therefore,
n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj) =

⟨{ n∏
i=1,j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)

}
,

{
− 1 +

n∏
i=1,j=i

(1− (−η−i )
ρ(−η−j )

ψ)

}⟩
.

Furthermore
n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj)
2

n(n+1) =

⟨{ n∏
i=1,j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)
2

n(n+1)

}
,

{
− 1 +

n∏
i=1,j=i

(1− (−η−i )
ρ(−η−j )

ψ)
2

n(n+1)

}⟩
.
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Therefore,

DHBFGHMρ,ψ(p1, p2, · · · , pn) =
1

ρ+ ψ
(

n⊗
i=1

n⊗
j=i

((ρpi
⊕

ψpj)))
2

n(n+2)

=

⟨{
1−

(
1−

n∏
i=1
j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}
,

{
−
(
1−

n∏
i=1
j=i

(1− (−η−i )
ρ(−η−j )

ψ)
2

n(n+1)

) 1
ρ+ψ
}⟩

.

Then, we complete the proof.
In what follows, we shall investigate some desirable properties of DHBFGHM.
Theorem 10 (Idempotency) Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of

DHBFEs. If all pi (i = 1, 2, · · · , n) are equal, i.e., pi = p = ⟨{γ+}, {η−}⟩ for all i, then

Hq − DHBFGHMρ,ψ(p1, p2, · · · , pn) =
⟨
{γ+}, {η−}

⟩
. (27)

Theorem 11 (Monotonicity) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) and p′i = (u′+i , v

′−
i )

(i = 1, 2, · · · , n) be two collections of DHBFEs. If pi ≤ p′i for all i, then

DHBFGHMρ,ψ(p1, p2, · · · , pn) ≤ DHBFGHMρ,ψ(p′1, p
′
2, · · · , p′n). (28)

Theorem 12 (Boundedness) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of

DHBFEs, and let p− = mini pi, p+ = maxi pi, then

p− ≤ DHBFGHMρ,ψ(p1, p2, · · · , pn) ≤ p+. (29)

3.4 Dual Hesitant Bipolar Fuzzy WGHM Aggregation Operators
In the above section, the DHBFGHM operator doesn’t consider the importance of the aggre-

gated arguments. However, in many real practical situations, especially in MADM, the weights
of attributes play an important role in the process of aggregation. To overcome the limitation
of DHBFGHM, we shall propose the dual hesitant bipolar fuzzy weighted geometric Heronian
Mean (DHBFWGHM) operator as follows.

Definition 15 Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, w =

(w1, w2, · · · , wn)T be the weight vector of pi = ⟨gi, hi⟩ (i = 1, 2, · · · , n), and wj > 0,
∑n
j=1 wj =

1, the DHBFWGHM operator is a mapping DHBFWGHM:
DHBFEn → DHBFE can be defined as

DHBFWGHMρ,ψ(p1, p2, · · · , pn) =
1

ρ+ ψ

 n⊗
i=1

n⊗
j=i

(
ρpi
⊕

ψpj

)wiwj , (30)

where ρ, ψ ≥ 0.
Theorem 13 Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of DHBFs, then the

aggregation result using DHBFWGHM operator is also a DHBFE and

DHBFWGHMρ,ψ(p1, p2, · · · , pn)

=

⟨{
1−

(
1−

n∏
i=1
j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)wiwj
) 1
ρ+ψ
}
,

{
−
(
1−

n∏
i=1
j=i

(1− (−η−i )
ρ(−η−j )

ψ)wiwj
) 1
ρ+ψ
}⟩

,

(31)
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where ρ, ψ ≥ 0.
Proof. Based on the operational laws of DHBFEs, we have

ρpi =
⟨
{1− (1− γ+i )

ρ}, {(−η−i )
ρ}
⟩
, ψpj =

⟨
{1− (1− γ+j )

ψ}, {(−v−j )
ψ}
⟩
.

Thus

ρpi
⊕

ψpj =
⟨
{1− (1− γ+i )

ρ(1− γ+j )
ψ}, {(−η−i )

ρ(−η−j )
ψ}
⟩
.

Furthermore,

(ρpi
⊕

ψpj)
wiwj =

⟨
{(1− (1− γ+i )

ρ(1− γ+j )
ψ)wiwj}, {−1 + (1− (−η−i )

ρ(−η−j )
ψ)wiwj}

⟩
.

Therefore,
n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj)
wiwj =

⟨{( n∏
i=1,j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)

)wiwj}
,

{
− 1 +

n∏
i=1,j=i

(1− (−η−i )
ρ(−η−j )

ψ)wiwj
}⟩

.

Furthermore
n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj)
2

n(n+1) =

⟨{ n∏
i=1,j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)
2

n(n+1)

}
,

{
− 1 +

n∏
i=1,j=i

(1− (−η−i )
ρ(−η−j )

ψ)
2

n(n+1)

}⟩
.

Therefore,

Hq − ROFWGHM ρ,ψ(p1, p2, · · · , pn) =
1

ρ+ ψ

( n⊗
i=1

n⊗
j=i

(ρpi
⊕

ψpj)

)wiwj

=

⟨{
1−

(
1−

n∏
i=1,j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)wiwj
) 1
ρ+ψ
}
,

{
−
(
1−

n∏
i=1,j=i

(1− (−η−i )
ρ(−η−j )

ψ)wiwj
) 1
ρ+ψ
}⟩

.

Then, we complete the proof.
In what follows, we shall investigate some desirable properties of DHBFWGHM.
Theorem 14 (Idempotency) Let pi = (u+i , v

−
i ) (i = 1, 2, · · · , n) be a collection of

DHBFEs. If all pi (i = 1, 2, · · · , n) are equal, i.e., pi = p = ⟨{γ+}, {η−}⟩ for all i, then

DHBFWGHMρ,ψ(p1, p2, · · · , pn) =
⟨
{γ+}, {η−}

⟩
. (32)

Theorem 15 (Monotonicity) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) and p′i = (u′+i , v

′−
i )

(i = 1, 2, · · · , n) be two collections of DHBFEs. If pi ≤ pi for all i, then

DHBFWGHMρ,ψ(p1, p2, · · · , pn) ≤ DHBFWGHMρ,ψ(p′1, p
′
2, · · · , p′n). (33)

Theorem 16 (Boundedness) Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of

DHBFEs, and let p− = mini pi, p+ = maxi pi, then

p− ≤ DHBFWGHMρ,ψ(p1, p2, · · · , pn) ≤ p+. (34)
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4 Models for MADM with Dual Hesitant Bipolar Fuzzy Information
In this section, we shall utilize the dual hesitant bipolar fuzzy Heronian Mean aggregation

operators to multiple attribute decision making with DHBF information.
For a MADM problem, suppose A = {A1, A2, · · · , Am} (i = 1, 2, · · · ,m) is the set of al-

ternatives, let C = {C1, C2, · · · , Cn} be the set of attributes. Let w = (w1, w2, · · · , wn) be
the weight vector of attributes, where wj ≥ 0, j = 1, 2, · · · , n,

∑n
i=1 wj = 1. Suppose that

P = (pij)m×n =
⟨
{u+

ij}, {v
−
ij}
⟩
m×n (i = 1, 2, · · · ,m, j = 1, 2, · · · , n) is the dual hesitant bipolar

fuzzy decision matrix, where u+ij indicates the degree that the alternative Ai satisfies the at-
tribute Cj given by the decision maker, v−ij indicates the degree that the alternative Ai does not
satisfies the attribute Cj given by the decision maker, u+ij ∈ [0, 1], v−ij ∈ [0, 1], (u+ij)q+(v−ij)

q ≤ 1,
i = 1, 2, · · · ,m; j = 1, 2, · · · , n.

In the following, we apply the GDHBFWHM (DHBFWGHM) operator to the multiple at-
tribute decision making with DHBFEs information.

Step 1 We utilize the decision information given in matrix P , and the GDHBFWHM oper-
ator

GDHBFWHMρ,ψ(p1, p2, · · · , pn)

=

⟨{(
1−

n∏
i=1
j=i

(1− (γ+i )
ρ(γ+j )

ψ)wiwj
) 1
ρ+ψ
}
,

{
− 1 +

(
1−

n∏
i=1
j=i

(1− (1 + η−i )
ρ(1 + η−j )

ψ)wiwj
) 1
ρ+ψ
}⟩

(i = 1, 2, · · · ,m, j = 1, 2, · · · , n)

Or DHBFWGHM operator:

DHBFWGHMρ,ψ(p1, p2, · · · , pn)

=

⟨{
1−

(
1−

n∏
i=1
j=i

(1− (1− γ+i )
ρ(1− γ+j )

ψ)wiwj
) 1
ρ+ψ
}
,

{
−
(
1−

n∏
i=1
j=i

(1− (−η−i )
ρ(−η−j )

ψ)wiwj
) 1
ρ+ψ
}⟩

.

to derive the overall preference values pi (i = 1, 2, · · · ,m) of the alternative Ai.
Step 2 Calculate the scores S(pi) (i = 1, 2, · · · ,m) of the overall DHBFEs pi (i = 1, 2, · · · ,m)

to rank all the alternatives Ai (i = 1, 2, · · · ,m) and then to select the best one(s).
Step 3 Rank all the alternatives Ai (i = 1, 2, · · · ,m) and select the best one(s) in accordance

with S(pi) (i = 1, 2, · · · ,m).
Step 4 End.
The flowchart of the proposed algorithm is given in Figure 1.

5 Numerical Example and Comparative Analysis
5.1 Numerical Example

In this section, a numerical example is presented to show potential evaluation of quality of
digital government services with dual hesitant bipolar fuzzy information in order to illustrate
the method proposed in this paper.
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start

Define the alternative set
{ }1 2, , , mA A A A= 

Define the attribute set
{ }1 2, , , nC C C C= 

Construct the original  DHBF decision matrices

Employ the GDHBFWHM (DHBFWGHM)  operator 
to compute the comprehensive evaluation values

Compute the score functions and accuracy 
functionS(A),H(A)

Rank alternatives and select the best one

End

( )1,2, ,i m= 

Figure 1 The flowchart of our proposed MAGDM method

In recent years, with “internet plus government service” as the starting point, the “run
at most once” reform as the overall traction, and the integrated data platform as the key
support, Chongqing has achieved remarkable results in government digital governance, which is
very representative. In addition, Zhejiang Province has achieved significant results in economic
development and political reform due to its geographical advantage, and has a certain exemplary
role in the country. Therefore, this study takes Chongqing as an example to comprehensively
evaluate the quality of its digital government services.

There are five possible Chongqing government affairs WeChat official accounts (Chongqing
Medical, Chongqing Transportation, Chongqing Weather, Chongqing Public Security Bureau,
Chongqing Taxation) Ai (i = 1, 2, 3, 4, 5) to select. The expert selects four attribute to evaluate
the five possible official accounts: C1 is the platform design quality; C2 is the information
and administrative services; C3 the information technology; C4 is the government WeChat
information environment. The weighting vector is w = (0.2, 0.1, 0.3, 0.4)T. The five possible
emerging technology accounts Ai (i = 1, 2, 3, 4) are to be evaluated using the dual hesitant
bipolar fuzzy information by the decision maker under the above four attributes, and the dual
hesitant bipolar fuzzy decision matrix P = (pij)4×4 = ⟨{u+

ij}, {v
−
ij}⟩4×4 is shown in Table 1.

Table 1 Dual hesitant bipolar fuzzy set
C1 C2 C3 C4

A1 ⟨{0.4, 0.5}, {−0.8}⟩ ⟨{0.6, 0.7}, {−0.3}⟩ ⟨{0.2, 0.3}, {−0.6}⟩ ⟨{0.4, 0.5}, {−0.7}⟩
A2 ⟨{0.6, 0.7}, {−0.4,−0.5}⟩ ⟨{0.7, 0.8}, {−0.2}⟩ ⟨{0.7, 0.8}, {−0.2,−0.3}⟩ ⟨{0.4, 0.5}, {−0.5}⟩
A3 ⟨{0.5, 0.6}, {−0.4,−0.5}⟩ ⟨{0.5}, {−0.7}⟩ ⟨{0.5, 0.6}, {−0.2,−0.3}⟩ ⟨{0.5, 0.6}, {−0.3}⟩
A4 ⟨{0.8}, {−0.1,−0.2}⟩ ⟨{0.6, 0.7}, {−0.3}⟩ ⟨{0.3, 0.4}, {−0.4}⟩ ⟨{0.5, 0.6}, {−0.6,−0.7}⟩
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In order to select the most desirable account, we utilize the GDHBFWHM (DHBFWGHM)
operator to develop an approach to multiple attribute decision making problems with dual
hesitant bipolar fuzzy information, which can be described as following.

Step 1 We utilize the GDHBFWHM operator to aggregate all the dual hesitant bipolar fuzzy
information pij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) into the overall dual hesitant bipolar fuzzy values pi
(i = 1, 2, 3, 4). Due to the relatively large numbers, the overall assessments are omitted. Here
let ρ = 1, ψ = 1.

Step 2 Calculate the score values S(pi) (i = 1, 2, 3, 4) of the overall dual hesitant bipolar
fuzzy preference values pi (i = 1, 2, 3, 4).

s(p1) = 0.5942, s(p2) = 0.7457, s(p3) = 0.7473, s(p4) = 0.6967.

Step 3 Rank all the account Ai (i = 1, 2, 3, 4) in accordance with the score value s(pi) of the
overall fuzzy preference value pi : A3 ≻ A2 ≻ A4 ≻ A1. And thus, the most desirable account is
A3.

Furthermore, the DHBFWGHM operator is used to calculate comprehensive dual hesitant
bipolar fuzzy information shown as follows.

Step 1 We utilize the DHBFWGHM operator to aggregate all the dual hesitant bipolar fuzzy
information pij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) into the overall dual hesitant bipolar fuzzy values pi
(i = 1, 2, 3, 4). Due to the relatively large numbers, the overall assessments are omitted. Here
let ρ = 1, ψ = 1, q = 3.

Step 2 Calculate the score values s(pi) (i = 1, 2, 3, 4) of the overall dual hesitant bipolar
fuzzy preference values pi (i = 1, 2, 3, 4).

s(p1) = 0.4835, s(p2) = 0.6350, s(p3) = 0.6366, s(p4) = 0.5860.

Step 3 Rank all the account Ai (i = 1, 2, 3, 4) in accordance with the score value s(pi) of the
overall fuzzy preference value pi : A3 ≻ A2 ≻ A4 ≻ A1. And thus, the most desirable account
is A3.

5.2 The Influence of Parameter on the Ranking Result
In the previous subsection, we only considered the case of the parameter ρ = 1, ψ = 1. To

discuss the sensitivity and flexibility of the GDHBFWHM (DHBFWGHM) operator to aggregate
the evaluation values by changing the value of q, ρ and ψ. The score function values and ranking
order of countries are displayed in Table 2 and 3.

From the Table 2, we can see that the ranking order of countries based on GDHBFWHM
operator is different for a given value of parameter ρ and ψ. When ρ = ψ = 1 and ρ = ψ = 2,
the ranking order is A3 ≻ A2 ≻ A4 ≻ A1. When ρ = ψ = 3, 4, 5, 6, 7, 8, 9, 10, the ranking order
is A4 ≻ A2 ≻ A3 ≻ A1. From the Table 3, we can see that the ranking order of countries based
on DHBFWGHM operator is different for a given value of parameter ρ and ψ. When ρ = ψ = 1,
the ranking order is A3 ≻ A2 ≻ A4 ≻ A1. When ρ = ψ = 2, 3, 4, 5, 6, 7, 8, 9, 10, the ranking
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Table 2 Scores and ranking results by using the GDHBFWHM operator
Parameters Score function Ranking results

(ρ = 1, ψ = 1) s(p1) = 0.5942, s(p2) = 0.7457, s(p3) = 0.7473, s(p4) = 0.6967. A3 ≻ A2 ≻ A4 ≻ A1

(ρ = 2, ψ = 2) s(p1) = 0.5843, s(p2) = 0.7111, s(p3) = 0.7262, s(p4) = 0.6858. A3 ≻ A2 ≻ A4 ≻ A1

(ρ = 3, ψ = 3) s(p1) = 0.5804, s(p2) = 0.6654, s(p3) = 0.6568, s(p4) = 0.6727. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 4, ψ = 4) s(p1) = 0.5772, s(p2) = 0.6373, s(p3) = 0.6134, s(p4) = 0.6580. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 5, ψ = 5) s(p1) = 0.5615, s(p2) = 0.6253, s(p3) = 0.6080, s(p4) = 0.6460. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 6, ψ = 6) s(p1) = 0.5332, s(p2) = 0.6189, s(p3) = 0.5923, s(p4) = 0.6344. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 7, ψ = 7) s(p1) = 0.5088, s(p2) = 0.6091, s(p3) = 0.5842, s(p4) = 0.6264. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 8, ψ = 8) s(p1) = 0.4957, s(p2) = 0.5811, s(p3) = 0.5765, s(p4) = 0.6149. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 9, ψ = 9) s(p1) = 0.4822, s(p2) = 0.5737, s(p3) = 0.5553, s(p4) = 0.6066. A4 ≻ A2 ≻ A3 ≻ A1

(ρ = 10, ψ = 10) s(p1) = 0.4756, s(p2) = 0.5609, s(p3) = 0.5211, s(p4) = 0.5943. A4 ≻ A2 ≻ A3 ≻ A1

Table 3 Scores and ranking results by using the DHBFWGHM operator
Parameters Score function Ranking results

(ρ = 1, ψ = 1) s(p1) = 0.4835, s(p2) = 0.6350, s(p3) = 0.6366, s(p4) = 0.5860. A3 ≻ A2 ≻ A4 ≻ A1

(ρ = 2, ψ = 2) s(p1) = 0.4436, s(p2) = 0.6004, s(p3) = 0.5898, s(p4) = 0.5461. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 3, ψ = 3) s(p1) = 0.4208, s(p2) = 0.5823, s(p3) = 0.5571, s(p4) = 0.5250. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 4, ψ = 4) s(p1) = 0.4044, s(p2) = 0.5702, s(p3) = 0.5350, s(p4) = 0.5115. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 5, ψ = 5) s(p1) = 0.3916, s(p2) = 0.5611, s(p3) = 0.5194, s(p4) = 0.5021. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 6, ψ = 6) s(p1) = 0.3854, s(p2) = 0.5567, s(p3) = 0.5077, s(p4) = 0.4942. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 7, ψ = 7) s(p1) = 0.3737, s(p2) = 0.5482, s(p3) = 0.4919, s(p4) = 0.4858. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 8, ψ = 8) s(p1) = 0.3659, s(p2) = 0.5338, s(p3) = 0.4836, s(p4) = 0.4762. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 9, ψ = 9) s(p1) = 0.3518, s(p2) = 0.5277, s(p3) = 0.4747, s(p4) = 0.4619. A2 ≻ A3 ≻ A4 ≻ A1

(ρ = 10, ψ = 10) s(p1) = 0.3469, s(p2) = 0.5147, s(p3) = 0.4605, s(p4) = 0.4521. A2 ≻ A3 ≻ A4 ≻ A1

order is A2 ≻ A3 ≻ A4 ≻ A1. Tables 2 and 3 show that the ranking results increase and become
steady with the increase of values in parameter vector. That is, the results become increasingly
objective by considering the interrelationship among the attribute values.

It can be easily seen from the above analysis that although different aggregation opera-
tors are used, the overall ranking of the alternative solutions will slightly different. However,
the most desirable solution is still A2 or A4. This is because the personal preferences, values,
and experiences of decision-makers can affect their evaluation and ranking of solutions. Differ-
ent decision-makers may have different views and judgments on the same plan, and in reality,
decision-makers can choose different plans based on their preferences.

5.3 Comparative Analysis
To elaborate the effectiveness and practicability of the proposed approach, we give a com-

parative analysis of the developed operators with several previous decision methods, including
the dual hesitant bipolar fuzzy weighted average (DHBFWA) operator and dual hesitant bipolar
fuzzy weighted geometric (DHBFWG) operator proposed by Xu et al. [48]. We will discuss this
example in the following parts.
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Definition 16 [48] Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, and w =

(w1, w2, · · · , wn)T be the weight vector of pi (i = 1, 2, · · · , n) with wi ≥ 0 (i = 1, 2, · · · , n) where
wi ∈ [0, 1] and

∑n
i=1 wi = 1. The dual hesitant bipolar fuzzy weighted average (DHBFWA)

operator is a mapping DHBFWA:
DHBFEn → DHBFE can be defined as

DHBFWA(p1, p2, · · · , pn) =
n⊕
i=1

wipi =

⟨{
1−

n∏
i=1

(1− (γ+i )
wi)

}
,

{
−

n∏
i=1

(η−wij )

}⟩
. (35)

Definition 17 [48] Let pi = (u+i , v
−
i ) (i = 1, 2, · · · , n) be a collection of DHBFEs, and w =

(w1, w2, · · · , wn)T be the weight vector of pi (i = 1, 2, · · · , n) with wi ≥ 0 (i = 1, 2, · · · , n) where
wi ∈ [0, 1] and

∑n
i=1 wi = 1. The dual hesitant bipolar fuzzy weighted geometric (DHBFWG)

operator is a mapping DHBFWG:
DHBFEn → DHBFE can be defined as

DHBFWG(p1, p2, · · · , pn) =
n⊗
i=1

pwii =

⟨{
n∏
i=1

(γ+wij )

}
,

{
−1 +

n∏
i=1

(1 + (η−i )
wi)

}⟩
. (36)

By using the decision information given in this example, and the DHBFWA and DHBFWG
operators, the aggregating results are shown in follows.

Step 1. We utilize the DHBFWA operator to aggregate all the dual hesitant bipolar fuzzy
information pij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) into the overall dual hesitant bipolar fuzzy values pi
(i = 1, 2, 3, 4).

Step 2. Calculate the score values S(pi) (i = 1, 2, 3, 4) of the overall dual hesitant bipolar
fuzzy preference values pi (i = 1, 2, 3, 4).

s(p1) = 0.6053, s(p2) = 0.8535, s(p3) = 0.7021, s(p4) = 0.8597.

Step 3. Rank all the account Ai (i = 1, 2, 3, 4) in accordance with the score value s(pi)
of the overall fuzzy preference value pi : A4 ≻ A2 ≻ A3 ≻ A1. And thus, the most desirable
account is A4.

Furthermore, the DHBFWG operator is used to calculate comprehensive dual hesitant bipo-
lar fuzzy information shown as follows.

Step 1. We utilize the DHBFWG operator to aggregate all the dual hesitant bipolar fuzzy
information pij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) into the overall dual hesitant bipolar fuzzy values pi
(i = 1, 2, 3, 4).

Step 2. Calculate the score values s(pi) (i = 1, 2, 3, 4) of the overall dual hesitant bipolar
fuzzy preference values pi (i = 1, 2, 3, 4).

s(p1) = 0.5705, s(p2) = 0.7358, s(p3) = 0.7265, s(p4) = 0.6989.

Step 3. Rank all the account Ai (i = 1, 2, 3, 4) in accordance with the score value s(pi)
of the overall fuzzy preference value pi : A2 ≻ A3 ≻ A4 ≻ A1. And thus, the most desirable
account is A2.
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In comparison to the methods introduced by Xu et al. [48], our proposed GDHBFWHM op-
erators and DHBFWGHM operators proposed in this paper can reflect the interrelationship
between the attributes, especially the partition structure between the attributes as mentioned
in the above example. This is the reason why the results obtained by the DHBFWA oper-
ator and DHBFWG operator are significantly different from those obtained by the proposed
GDHBFWHM operator and DHBFWGHM operators. Thus, compared with the DHBFWA
operator and DHBFWG operator, the proposed GDHBFWHM operator and DHBFWGHM
operator are more suitable for modeling such decision problems.

6 Conclusion
6.1 The Findings of This Study

In this paper, a novel MADM approach based on dual hesitant bipolar fuzzy sets (DHBFS)
is proposed. And some properties, operational laws, score and accuracy functions of DHBFS
are discussed. Considering that the advantage of Heronian Mean operator in the aggregation
process due to the parameter involved, and the use of the Heronian Mean operator provides
flexibility in capturing the interactions between any number of attributes with every possible
permutation, this paper developed some novel Heronian Mean aggregation operators under
DHBF environment. The main findings of this study are as follows:

1) The concept of the DHBFS was proposed by combing the bipolar fuzzy sets (BFSs) and
hesitant fuzzy set (HFS).

2) Some DHBF aggregation operators were proposed, such as the generalized dual hesitant
bipolar fuzzy Heronian Mean (GDHBFHM) operator, the generalized dual hesitant bipolar
fuzzy weighted Heronian Mean (GDHBFWHM) operator, the dual hesitant bipolar fuzzy fuzzy
geometric Heronian Mean (DHBFGHM) operator, the dual hesitant bipolar fuzzy weighted
geometric Heronian Mean (DHBFWGHM) operator.

3) An MADM method based on the proposed operators was developed, and a numerical
example was illustrated to demonstrate the effectiveness and superiority of the proposed method
through comparison with existing methods.

6.2 The Advantages and Disadvantages of the Proposed Method
The advantages of the proposed method is as follows.
1) Consider the interrelationships between attributes: The proposed operator can handle the

dependencies and correlations between attributes, which is particularly important when dealing
with multi-attribute decision-making problems. It can better reflect the actual situation and
improve the accuracy of decision-making.

2) Dealing with complex decision-making environments: As the uncertainty of decision infor-
mation and the complexity of the decision-making environment increase, the proposed operator
can effectively integrate and handle these complexities, providing more reasonable decision-
making basis.
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3) Expanded the constraints of membership and non-membership: The proposed operator
performs well in the field of fuzzy decision-making, especially when dealing with Fermat hesitant
fuzzy information, providing effective decision-making methods.

The disadvantages of the proposed method
1) Computational complexity: The computation of proposed operators may be relatively

complex, especially when dealing with large amounts of data and highly complex decision envi-
ronments, which may require high computational resources and time.

2) Limited applicability: Although the proposed operator performs well in handling multi-
attribute decision problems, it may not be suitable for all types of decision problems. The scope
and conditions of its application need to be analyzed on a case-by-case basis.

In summary, the proposed operator has significant advantages in multi-attribute decision-
making, especially when dealing with complex problems where there are dependencies and cor-
relations between attributes. However, the computational complexity and limitations of its
applicability are also factors that need to be considered. In practical applications, the deci-
sion to use the Heronian Mean operator and how to use it should be based on the specific
characteristics and requirements of the problem.

6.3 The Future Research
Although the proposed operators theoretically have the advantage of handling multi-attribute

decision problems, there are still challenges in effectively applying these theories to practical
problems, especially when dealing with decision information with priority and uncertainty. This
requires future research to not only focus on theoretical innovation, but also strengthen practical
application research to narrow the gap between theory and practice.

Future research will be directed towards addressing this limitation and enhancing the method’s
capabilities in the following ways:

1) Expanding application scope: Future research should focus on applying Heronian Mean
operators to a wider range of decision information to meet a wider range of decision-making
needs. This will help improve the scientificity and accuracy of decision-making.

2) Strengthening practical application research: Future research should pay more attention
to the application of Heronian Mean operators in practical problems, especially when dealing
with decision information with priority and uncertainty. By studying specific cases, we can
better understand the application conditions and limitations of Heronian Mean operators, and
provide guidance for their practical application in real-world problems.

3) Combining new technologies and methods: With the development of technology, future
research can explore the integration of Heronian Mean operators with other new technologies
and methods, such as big data analysis techniques, machine learning algorithms, etc., to improve
the efficiency and accuracy of decision-making. This will help broaden the application areas of
Heronian Mean operators and enable them to play a greater role in solving complex decision-
making problems.
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