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1 Introduction

Game theory is a theory that examines the interactions between decision-makers in competi-
tive or cooperative settings, analyzing how individuals make choices to maximize their interests.
Classical game theory addresses game problems under complete information, where all partic-
ipants clearly understand the game’s rules, strategy space, payoff functions, and the strategic
choices of their opponents. These games assume that all relevant input variables (e.g., payoffs)
are known and certain. However, this assumption ignores the impact of uncertainties on strategy
choice and resource allocation, potentially leading to inaccurate strategies and making it diffi-
cult to achieve a Nash equilibrium. In reality, information is often incomplete, and participants
usually lack full knowledge of their own or others’ payoffs, which complicates the game problem
and requires seeking solutions in an uncertain environment 12

Uncertainties originate from various sources, and their precise quantification is crucial for
further analysis. In the context of incomplete information games and decision theory, data
uncertainty is typically categorized into two primary types: stochastic uncertainty and cogni-
tive uncertainty /. These two types of uncertainty are conceptually distinct and have different
implications for the decision-making process. For handling uncertainties of various forms, the
literature commonly identifies three main solution approaches. The first category involves using
probabilistic methods to address stochastic payoffs, with a primary emphasis on managing ran-
dom uncertainties within the game framework. Harsanyi introduced a Bayesian framework for
modeling games with incomplete information, where he postulated that participants maximize
their expected payoffs by estimating unknown parameters from prior probability distributions
and other available data. Additionally, Cheng et al. B} Su and Jil have also employed prob-
abilistic techniques in their research. However, probabilistic methods require the collection of
large amounts of historical data. As noted by Gaolll, accurate data is often difficult to obtain,
especially in gaming systems involving human decisions. To address this, researchers propose
a second class of methods using information based on return intervals to manage uncertainty.
These approaches address cognitive uncertainty, often assuming gains as fuzzy sets. Fuzzy game
theory has attracted the attention of many scholars @, Collins and Hull? extended the classi-
cal deterministic matrix by defining a fuzzy binary comparison strategy for a fuzzy deterministic
interval matrix game. Under the theoretical framework of uncertainty, Li and Yang® proposed
a novel mathematical framework designed to address games characterized by incomplete infor-
mation and uncertain payoffs. They created another new form of game to solve it, providing
a theory demonstrating that the equilibrium is the same for both games. The third method is
known as the robust optimization method, which also assumes that information about returns
can be obtained as intervals. It has the advantage that it does not require information about
the specific distribution of benefits. Yu and LiuM¥! proposed a non-distributional model for
multi-objective games with incomplete information, using robust optimization methods for each
objective to handle payoff uncertainty. Qu and Meng®2 presented a distributionally robust

optimization approach for finite state/action N-player non-zero-sum games with incomplete in-
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formation, combining stochastic with robust optimization methods to address game settings.
Dey and Zaman T3 proposed robust optimization methods for solving two-person zero-sum and
non-zero-sum incomplete information games considering single or multiple interval inputs (e.g.,
interval-valued gains). As far as we know, most of the existing methods only deal with single
interval data. Nevertheless, in real-world scenarios, obtaining a single interval might be challeng-
ing due to the presence of data from various sources, such as expert opinions. Therefore, there
is a need for a method that solves two-player games by integrating information from multiple
sources. Dey and Zaman introduced a robust optimization approach for addressing two-player
games with interval uncertainty, driven by both single and multiple interval data. This method
focuses on optimizing the mean while reducing the variance of the game outcomes. They ad-
dressed the uncertainty associated with payoffs generated from interval data by using robust
optimization methods. Zaman et al. M proposed the moment boundary algorithm to compute
the first four moments of multiple intervals of data by aggregating information from multiple
sources. The moment boundary algorithm is also used in our proposed robust optimization
framework for two-player repeated games.

In recent years, robust optimisation has been widely applied and has achieved notable ad-
vances: Maggioni et al. ™® introduced a sampling-minimax framework that yielded rigorous
error bounds and convergence guarantees for multi-stage problems. Beck et al. M8 presented a
systematic survey of the latest models and solution techniques for robust bilevel optimization
and min—max Stackelberg games, providing computationally tractable equivalence classes. Li
et al. 7 framed the interaction between demand-perturbing attackers and real-time bus sched-
ulers as a Markov game and solved it with adversarial DDQN, demonstrating robust adaptive
scheduling in Hong Kong’s bus network.

Motivated by above results, we study non-cooperative, dynamic, two-player repeated games
under incomplete information, the typical case in previous studies involves the presence of Nash

H8I9 - Researchers have explored the

equilibria in repeated iterations of the Prisoner’s Dilemma
evolution of cooperation and betrayal strategies, equilibrium analysis, and behavioral patterns
in long-term interactions through theoretical analysis and experimental validation. Introducing
incomplete information to repeated games extends the classical game theory framework, making
it more reflective of real-world complexities. Gensbittel and Oliu-Barton Y examined optimal
strategies for zero-sum games in situations with incomplete information, later Oliu-Barton 2!
studied the optimal strategy of repeated games with small weights under information incom-
pleteness. Other scholars have explored the dynamic analysis of the above games 22

In this work, we make three key contributions. Firstly, we introduce an innovative applica-
tion of Markov processes to model repeated games. Recognizing that the outcome of each round
in a repeated game depends not only on the strategies chosen in that round but also on the
strategies and outcomes of previous rounds, we utilize Markov processes to capture the dynamics
of repeated games and develop a two-player repeated game model under certainty. Secondly, we

propose robust optimization methods to address uncertainty in data under incomplete informa-
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tion and solve the uncertainty problem across different types of repeated games by optimizing
both the mean and minimizing the variance of the objective function, thereby achieving ob-
jective robustness. Additionally, feasibility robustness is attained by using a feasible domain
approximation method to satisfy constraints. Finally, the proposed method is generalized to
handle various types of data, providing decision support for risk-averse players.

The rest of the paper is structured as follows. Section 2 reviews techniques for solving
two-person repeated games. Section 3 describes a robust optimization method for handling
two-player repeated games in the presence of data uncertainty. Section 4 verifies the feasibility
of the proposed method through numerical examples. Finally, section 5 offers conclusions and

suggestions for future research.

2 Two-player Repeated Game

2.1 A Review of Repeated Games Between Two Players

Repeated games are a key area of game theory that examine how players make decisions to
maximize payoffs over multiple rounds. As a typical form of dynamic games, repeated games
involve playing a single game with a consistent structure multiple times with the same players,
strategy choices, and payoff calculations. Unlike single-play games, repeated games consider
multiple interactions between players and the effects of previous behaviors and outcomes on

future decisions. Considering a typical Prisoner’s Dilemma 23]

as an example, as shown in
Table players have two choices: cooperation (C) or betrayal (D). In a single game, mutual
cooperation yields the highest collective benefit. However, in repeated games, players decide
their current strategy at each stage based on historical behaviors. After each round, players
may adopt several common strategies: a constant strategy (always cooperate or always betray),
a trigger strategy (permanently betray once the other party betrays), a punishment strategy
(punish the other party for a period following betrayal, then resume cooperation), or a reciprocal
strategy (mirror the other party’s previous action). In a one-shot game, based on the minimax
principle, both players typically choose betrayal, resulting in a Nash equilibrium. However, in
a repeated game, mutual betrayal across rounds leads to lower payoffs compared to mutual
cooperation. Therefore, cooperation can become a stable strategy through appropriate tactics,
such as the trigger strategy. By making suitable adjustments, if both parties ultimately choose

the (C, C) strategy with a stable probability of 1, pareto optimality can be achieved.

Table 1 Payment matrix for the prisoner’s dilemma single-stage gameUSJ

player 2

player 1
cooperation(C) betrayal(D)

cooperation(C) (3, 3) (0, 5)
betrayal(D) (5, 0) (1, 1)
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Repeated games have extensive applications in economics, political science, biology, and
other fields. Previous studies on repeated games mainly focus on the following aspects:

1) Repeatability of the game: Repeated games involve adapt to changes in their opponents’
behaviors or the environment.

2) Stability of equilibrium: The equilibrium in repeated games is more complex than in
single games. Besides Nash equilibrium, other types of equilibria, such as evolutionary stable
strategies, can also occurrences of the game process, unlike single games which occur only once.
This allows players to make decisions at multiple points in time, with previous behaviors and
outcomes influencing future decisions.

3) Evolution of strategy: In repeated games, players can gradually adjust their responses
based on past experiences and observations. They gradually learn and evolve to a exist.

4) Cooperation and betrayal: In repeated games, players may choose between cooperation
and betrayal. Long-term cooperation can yield higher returns, but short-term gains might be
achieved if one party betrays.

In summary, the study of repeated games encompasses theories and methods from various
fields such as game theory, dynamic programming, and reinforcement learning. By analyzing
repeated games, we can gain a better understanding of players’ decision-making behavior in

long-term interactions and propose corresponding strategic suggestions and policy measures.

2.2 Introduction to Markov Decision Process

23] {4 characterize the decision-

In this paper, we use Markov decision processes (MDP)
making process in two-player repeated games. MDP is a mathematical framework for describing
decision-making problems in stochastic environments, widely used in reinforcement learning,
operations research, and artificial intelligence. MDP model decision-making problems where
choices are made in a stochastic environment, and the current state influences the transition
probabilities and immediate rewards of future states.

The main components and characteristics of MDP are as follows: 1) States: States in an
MDP are abstract concepts that describe the environment, which used to describe different
scenarios or configurations the system may have, typically denoted by the symbol (5).

2) Actions: In each state, the decision-making agent can take various actions, which are
usually represented by the symbol (A).

3) Transition probabilities: Transition probabilities are the magnitude of the likelihood
that the system will transfer from one state to another after performing an action. Typically,
(P(s'|s,a)) denotes the probability of transferring from state (s) to state (s’) after performing
action (a).

4) Reward function: In an MDP, each state transition is accompanied by an immediate
reward. The reward function defines the immediate reward for each action taken in each state.
Typically, (R(s, a, s')) denotes the reward obtained by transitioning to state (s’) after performing
action (a) in state (s).

Based on the above elements, we can formally describe the Markov decision process (MDP)
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using a four-tuple (S, A, P, R). The purpose of solving the MDP issue is to find a perfect policy
that maximizes the total reward accumulated over the long-term decision process. Common

solution methods include value iteration, policy iteration, Q-learning, and deep Q-networks.

2.3 Using Markov Process to Describe Two-person Repeated Game Process (Based
on 2-by-2 Matrix Game)

The advantage of using Markov processes to describe repeated game decisions lies in under-
standing the decision-making process of players in different states and the dynamic evolution
of the game. By constructing state transition matrices (including transition probabilities un-
der deterministic or stochastic conditions), we can analyze the long-term behavioral trends of
players under different strategies and study the equilibrium solutions of the game.

Considering a game that can be repeated indefinitely with two players, player 1 adopts the
strategy e;, ¢ = 1,2 and player 2 adopts the strategy f;, j = 1,2. In each round of the decision-
making process, players have two strategy choices. For player 1 and player 2, there are four

combinations of strategies:

O1 = (e1, ); O2 = (e1, ); O3 = (e2, f); O1 = (e2, f),

Under each strategy combination, player 1 and player 2 receive corresponding payoffs, denoted
as I;; and Fjj, respectively, representing the payoffs when player 1 and player 2 choose their
respective strategies.

The state space of the two players in an infinitely repeated game is denoted as S; = Sy = 5,

where:
S = {S = (Z,A) A€ {01,02,03,04}, = 1,2,“' ,’I”L}.

The A denotes the combination of strategies that the two players at each stage, which can be
more simply denoted as 1, 2, 3, 4.

Therefore, the set S contains 4n possibilities, representing the condition of the player at each
step, with n being the number of times the game is repeated. For example, (1, 1) means the
player is in state Op at stage 1, and (8, 3) means the player is in state O3 at stage 8.

The action spaces A1, As for two players in an infinitely repeated game are defined as follows:
Each player has two alternative strategies in each round of the game, player 1’s action space is
Ay = {e1,e2} and player 2’s action space is Az = {f1, fa}. Before selecting a strategy for the
next round, players observe the decisions made in the current round, which cause the overall
state of the game to shift. For the entire game (not a subgame), the set of possible subsequent
states from the current state constitutes the set of available actions: A(i) = {j : j € S},Vi € S.
For example, if in the second round player 1 and player 2 are in state Op, and in the third
round they move to state Os, this implies that player 1 chooses strategy e; and player 2 chooses
strategy fo. This transition is represented from the state space (2, 1) to (3, 2). Each new round
of the game will have four possible state spaces, forming the action space A of the entire game.

For instance, the action space for the game in the next round from state (2, 1):
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A(2,1) ={(3,1),(3,2),(3,3),(3,4)}.

Thus, for the entire repeated game, the collection of possible actions available to each player

in the next round can be denoted as:
AGA) = {(i+1,1), (i +1,2), (i 4+ 1,3), (i + 1, 4)}.

The state transition law (P(s’|s,a)) for two players in an infinitely repeated game (where
a is a vector representing the action choices of the two players) can be described as follows:
We assume that these choices will be influenced by the outcome of the previous round, without
knowing the strategic choices the player will make in the next round. We suppose that player 1
chooses strategy e; in state O; with probabilities (p1, p2, p3,ps), and player 2 chooses strategy
f1 in state O; with probabilities (q1,¢2,q3,¢4). Specifically, at the end of a round, player 1
chooses e; with probability p; and es with probability 1 — p;; similarly, player 2 chooses fi; with
probability ¢; and fo with probability 1 — ¢;. Thus, for the previously constructed state space,
the state transition law (P(s'|s,a)) at the beginning of each round can be represented by the

following matrix P:

pigt pi(l—aq) (I-=-p)ar (1—p1)(1—aq1)
p2q2 p2(1—q2) (1—p2)z (1 —p2)(1—qo)
p3qs p3(l—q3) (1—ps)gs (1 —p3)(1—gs)
pags pa(l—q1) (1—=pa)aa (1 —pa)(1—qa

Specifically, the third row and third column of the matrix represent P(O3|O3,a) = (1—p3)qgs.
This means that if the game was in state Oz in the previous round, player 1 chooses es with
probability (1 — ps), and player 2 chooses f1 with probability gs. Consequently, the state of the
next round remains Os.

The reward function for two players under an infinitely repeated game:

In each round of the game, players make decisions and receive their respective payoffs. When
player 1 selects strategy ¢ and player 2 selects strategy j, player 1’s revenue is F;;, and player
2 is Fy;. Considering the states O1, 02, 03,04, the payoffs for player 1 are Fi1, E12, Eoq, Eao,
and the payoffs for player 2 are Fi1, Fio, Fo1, Foo. In previous discussions, the reward function
for two players in an infinitely repeated game was derived by observing the payoff matrix for
short-term decisions. However, in realistic conditions, the longer the decision-making process
takes, the more time-consuming and less favorable it becomes for the players’ payoffs. Thus,
long-term decisions are influenced by external factors, such as the introduction of a penalty
(discount) factor, which plays a key role in calculating the total payoffs. The penalty factor
v (a number between 0 and 1) indicates the present value weight of future returns. A smaller
~ suggests that the player values immediate returns more highly, whereas a larger v implies a
greater value placed on future returns. The revenue function for player i, starting from state s,

is defined as:

Vi(s) = max 2;4 X%P(s’ | s,a;,a;)[Ri(s,ai,a;) +yVi(s")].
a;€EA; s’'€
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This function denotes the total expected gain of player ¢ in future rounds starting from state
s. More simply, the total payoff of a repeated game player with a penalty factor can be expressed
as:

oo
Ui = Z)\tui(etl,ef).
t=0
The reward function draws on an important concept from Markov decision processes: A
smooth distribution that converges to a stable state when repeated infinitely many times. This
is related to the initial decision and the state transition, denoted by 7, a row vector representing
the probability distribution of the final state that satisfies the equation m# = 7P, where P is the

state transition matrix. Accordingly, player 1’s final reward function is:
Ry =mFE1 + moEg + m3Eoy + maFao.
Similarly, player 2’s final reward function is:
Ry = m F11 + moF1a + 3oy + maFoo.

3 Two-person Repeated Game with Incomplete Information

In Section 2, we outline the state transition probabilities and payoffs for the players. However,
in real life, players often lack complete information and may not be aware of their opponents’
types, action spaces, preferences, or payoffs. Furthermore, players might only partially observe
their opponents’ actions, receiving incomplete or noisy information. Environmental uncertainty
also impacts decision-making, as players’ payoffs may be probabilistic rather than deterministic,
and external random factors can alter state transition probabilities. Such uncertainties are often
categorized as incomplete information. In essence, in repeated games, both the probabilities
and payoffs associated with strategy choices may be unknown. Subsequently, we will explore
game strategies under incomplete information from the perspectives of stochastic and cognitive
uncertainty. To facilitate understanding, we will first construct a linear programming model to

represent a two-player repeated game under deterministic conditions.

3.1 Two-person Repeated Games under Determinism

In Section 2, we redefine the repeated game described by a Markov process for players 1 and
2, aiming to maximize their final payoffs, which are influenced by the stationary distribution in
the Markov chain. We assume that the final stationary distribution is (71, w2, 73, 74), where each
m; is determined by the state transfer probabilities in the system, satisfying 7 = 7w P. To facilitate

our discussion, we re-express the state transfer matrix P in terms of (a;;) for ¢,j =1,2,3,4:

g pi(l—q) (I—-p)gn (1—=p1)(1—q) a1 G12 G133 Q14
p_ |22 p2(l—q2) (1—p2)g2 (1 —p2)(1—qo) _ | a1 a2 axs ax
p3qs p3(l—q3) (1—p3)ez (1 —p3)(1—q3) az1 asz azz Ay
paqs pa(l—qa) (1 —pa)ga (1 —pa)(1—qa) (41 Q42 Q43 Q44
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Next we transform the two-player repeated game with complete information into a linear
programming problem to solve for the maximum long-run payoff of the two players, which can

be expressed in the following equations:

max Ry =mFE + melis + m3Ey + maEan

4

st aigm =, j=1,2,3,4,
=1
4

D aij=1,i=1,234,

Jj=1

4
d om=1, (1)
=1

max Ry = mF11 + moFi2 + m3Fo + maloo,
4
s.t. Zaijﬂ'i = Tj, j = 1,2,374,

i=1

4
D ai=1,i=1,234,
j=1

Zﬂ'i =1. (2)

In the above equations, the variables involved are known, and next, we discuss the two cases
where the gain and state transfer probabilities are under the stochastic uncertainty and cognitive

uncertainty.

3.2 Two-person Repeated Games under Stochastic Uncertainty

We utilize robust optimization techniques to handle the case of incomplete information.
Robustness is defined as the reduction of variance while optimizing the mean of the objective
function. In a game that lacks complete information, robust optimization considers the uncer-
tainty of input parameters, this reduces the sensitivity of the problem to changes in random
returns. Implementing robust optimization requires ensuring both stability of the objective
function and viable programs. This is achieved by simultaneously optimizing the mean of the
objective function and minimizing its variance measure. When there are unknown factors, sta-
bility of viable programs is attained by satisfying constraints. Methods to ensure feasibility
robustness include viable area reduction methods, analysis of the most unfavorable scenarios
and corner space assessment.

To achieve robustness, the mean and variance of the objective and constraint functions
must be estimated. Common estimation methods include Taylor series expansion, sampling-
based methods and point estimation methods. Since robust optimization involves optimizing
the mean and minimizing the variance of the objective function, multi-objective optimization

techniques are essential. Widely discussed methods in the robust optimization literature include
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the weighted sum method, e-constraint method, objective planning and compromise planning.
In the proposed robust optimization framework, we use variance as a weigh of the change in the
objective function for objective robustness, feasible domain approximation method for stability
of viable programs and weighted sum method for aggregating many targets.

Stochastic strategies are introduced when analyzing a two-player repeated game under stochas-
tic uncertainty, which may arise from uncertainty in the state of nature, uncertainty in the
players’ strategies, or stochastic effects of the external environment. Players make probabilistic
decisions in each round of the game, achieved by introducing a probability distribution for the
choice of strategies. Additionally, the payoffs for the two players are randomized. For instance,
in a two-player repeated game, player 1 chooses strategy p; with probability e; in the next
round, and strategy e with probability (1 — py). Similarly, player 2 chooses strategy ¢; with
probability f; in the next round, and strategy fo with probability (1 — ¢1). Based on historical
data, the state transfer probabilities p; and g1, as well as the payoffs of both players, follow
certain probability distributions. Under stochastic uncertainty, we need to accurately compute
the mean and variance of these random variables. The robust optimization formulation consid-
ers the stochastic characteristics of the data, aiming to achieve both stability of the objective
function and viable programs. The robust optimization formulation for the two players is as
follows:

rophax (WX pr, — (1 —w)og,)

s.t. Ry = m B + meEig + m3Ea + maFoo,
4 4
Hg <Zaij7ﬁ' — 7Tj> + kO'g (Z QTG — 7Tj> Z 0, ] = 1,2,3,4,
i—1 i=1

4
D aig=1,i=1,2,34,

Jj=1

4
i=1
m>0,i=1234. (3)

max (w X pug, — (1 —w)og,)
TiMRg 0 Ry

s.t. Ry = mF1 + moFig + m3Foy + maloo,
4 4
Hg <Za1jm ’/Tj> +k0'g (Zaiﬂri 7Tj> Z 0, ] = 1,2,3,4,
i=1 =1

4
D aig=1,i=1,2,34,
j=1

4
E T, = 1,
i=1
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m>0,i=1,23 4. (4)

In this subsection, we analyze the mean (ug,,or,) and (i, , 0, ), which represent the mean
and variance of the strategic values for player 1 and player 2, separately. The symbols p,(-)
and o4(-) denote the mean and variance of the constraints g. The weight coefficient w > 0
indicates the relative importance of the two objectives, balancing the effects of expectation and
variance. The constant k correlates with the degree of conservatism of the decision maker. The
mean f,(-) and the standard deviation o4(-) are approximated using the constraint functions in
Equations (1) and (2). Constraints are introduced to ensure that the strategy remains feasible
under all possible uncertainties. In the context of stochastic uncertainty, actual returns and state
transition probabilities may deviate from their expected values (means), with the magnitude of
these deviations measured by variance. A higher variance indicates greater uncertainty and
larger fluctuations in returns or state transition probabilities. To adjust the original constraints
for uncertainty, we introduce the mean-adjustment factor f4(-), which represents the degree
to which we expect the original constraints to be satisfied under uncertainty. The variance
adjustment factor ko4 (-) reflects our tolerance for uncertainty. The weighting factor k determines
our sensitivity to fluctuations. Note that in a complete information game, the expected value
does not consider the uncertainty related to the revenue and transfer probabilities. But in
Equations (3) and (4), the average game values upg, and g, account for parametric uncertainty,
particularly the stochastic payoffs F;; and Fj;. Similarly, the standard deviations og, and og,
are computed with respect to these uncertainties. Additionally, the mean p4(-) and standard
deviation o4(-) are calculated relative to the random variable a;;. In this study, the game’s
value, influenced by randomized returns and state transfer probabilities, is treated as a random
variable and expressed through its mean and standard deviation. To implement Equations (3)
and (4), precise knowledge of the mean and variance of the random terms is required. However,
this may give rise to undecidability of the input data distribution parameters, especially under
cognitive uncertainty, where data might be expressed by sparse point data or interval data.
Robust optimization formulations considered the unpredictability of the data. Next, we discuss
how to address the robust optimization methods for two-player repeated games under cognitive

uncertainty caused by interval data.

3.3 Two-person Repeated Games under Cognitive Uncertainty

Considering our proposed two-player repeated game, where the payoff bimatrix and the state
transfer probability matrix are represented by interval data, we apply a robust optimization
approach to solve this game under cognitive uncertainty, with the uncertainty represented by
interval data. Due to the input parameter uncertainties, the exact value of each element is
unknown, so we define the variable values in terms of interval ranges. To address this problem, we
use robust optimization techniques. By considering parameter uncertainties, we find a solution
that performs well across the range of parameter variations. Firstly, the uncertainty range must

be determined, which may involve statistical analysis or expert judgment. Then, the problem is
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modeled as a robust optimization problem, with the objective of maximizing the gain over the
uncertainty range of the parameters.

Adding cognitive uncertainty to an incomplete information game introduces additional com-
plexity to the computational structure. When finding the mean and standard deviation of the
game values, scalar values need to be determined in the corresponding intervals and then solving
the optimization problem in Equations (3) and (4). This means that the existence of interval
data necessitates evaluating every possible value in these equations to solve the optimization
formulation. The selection of different scalar points can lead to varying anticipations of the
mean and standard deviation of the game values for the same game. From a theoretical point of
view, an infinite number of estimates can be derived from a given interval data. In practice, due
to uncertainty, we aim to design a robust strategy that ensures good system performance even
in the most unfavorable scenarios. By considering the worst-case scenario, we can ensure that
the designed policy is optimal under all possible uncertainty conditions. Given that the decision
maker cannot influence the cognitive variables, the robust optimization approach explores the
range of possible values for these variables in order to identify the optimal solution. In this
study, we begin by framing the issue as a nested optimization problem, The inner optimization
aims to identify the worst-case scenario for a given strategy distribution m;, considering payoffs
and state-transfer probabilities within their intervals, to ensure that the objective function (a
combination of expected payoffs and standard deviations) is optimized under all uncertainty
scenarios. This process ensures that the strategy distribution remains optimal even in the worst
case. The outer optimization then determines the optimal strategy distribution 7; that maxi-
mizes the objective function, taking into account the worst-case scenario identified by the inner
optimization.

We develop a robust optimization model for two-player repeated games under cognitive
uncertainty, described as the following nested optimization problem:

max ( min (wX pg, — (1 —w)og,)),
TisHR TRy Mo RE;;

s.t. Ry = mE + mE2 + m3Ey + maFoo,

4 4

Hg <Z QTG — 7Tj> + kag (Z QTG — 7Tj> > 0, 1= 172,3,4,
i=1 i=1

Iby; < az; < ubyj,

4
E T, = 1,
i=1

T >0,i=1,2,34, (5)

R

max ( min (w X pg, — (1 —w)og,)),
TirsHRo OTR2 Houji HEF;;

s.t. Ry = mF11 + moF12 + m3Fo + maFoo,
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4 4
Hg <Zaij7ri—7rj> +/€Jg (Zaijm-—wj> 20, i:1,2,3,4,
i=1 i=1

lbij S Q5 S ub

K
Ibj; < Fyj <ub

4
E T, = ].,
i=1

T >0,4i=1,23 4. (6)

R

The implementation of Equations (5) and (6) necessitates knowledge of the range for the
mean and standard deviation of the input variables. To compute the mean and variance of
interval data, Zaman et al. M proposed a specialized moment bounds algorithm, as shown in
Table[2] Once the bounds for the mean and variance of the interval data are estimated, we
apply the upper limits of the variance to address a robust two-player zero-sum game model in
the context of interval uncertainty. Using the upper bound on variance is justified by its ability

to make the solution less sensitive to fluctuations in the unknown input parameters.

Table 2 Moment boundary algorithm for interval data 4

Interval
Moment
Single interval Multiple interval
2
M, = Z zip(x;)
i=1
First M : PMF =1 at lower end point . 1 1
M M) = |2 > w
moment = 0 elsewhere nis N
M : PMF = 1 at upper end point
= 0 elsewhere.
2 2 2
My = mep(;rl) — (Z xlp(x1)> . . 5
i=1 i=1 . 1 1
S d max/ min — Ti—— Y xj
ceondaty M : PMF =1 at any end point T1,@2, T T ; ( n j; ]>
moment
= 0 elsewhere st. i<z <wi, 1=1,2,--- ,n

M : PMF = 0.5 at each end point.

We describe the problem as a nested optimization problem with the following solution pro-
cedure:

Therefore, through Equations (5) and (6), we can generate intervals for players 1 and 2.
Our method employs multi-objective optimization, which not only optimizes the mean of the
game value under interval uncertainty but also minimizes its variance. Consequently, the final
estimated interval of the game value depends on the weight parameters w applied during the

optimization process.
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Initial strategy m;
(Fol’ a given 7, find the pti, that is most

I unfavorable to the objective function,
nner
ion Land a threshold of pto, that ensures that

the constraints must hold.

Call the inner function Iterative update 7r;

(Using the ‘fmicon’ function solver, solve

Outer optimization ]l. for m; that maximizes the value of the
Lobjective function given B, Hay-

Figure 1 Solution process for nested optimization problems

Given that repeatedly performing robust optimization under cognitive uncertainty can lead

to convergence issues and high computational costs, we propose a decoupling strategy to separate

the robust optimization problem from the cognitive analysis. This separation aims to improve

computational efficiency. We can decouple the nested formulas in Equations (5) and (6) as

follows:

Moo MRy OR, =arg  max (W x pg, —(1-w)or,)

s.t. R1 = 7T1ET1 + 7T2Er2 + 7T3E;1 + 7T4E;2,

4 4
S aymi—m | kg (> agmi—m | >0,i=1,2,3,4,

4
E T = 17
i=1

T >0,i=1,234,
Moy, HE, =arg min  (w X pgr, — (1 —w)og,),

HagjsHE;;

st. Ry =7 Ey1 + 75 Eg + 73 Eay + )y Eao,
4 4
Zaijﬂf =i | +koy Zaiﬂrf —m; | >20,i=1,2,3,4,

Ib;; < azj < ubyj,
Iby; < By < ubyj,
4
> -
i=1
>0, 0=1,2,3,4,
T lUR, Op, =arg  max (w X pug, — (1 —w)or,),

Ti s Ry 0 Ry

s.t. Rg = 7T1F1*1 + 7T2F1*2 +7T3F2*1 + 7T4F2*2,

Za;‘jm*m + koy Zaz‘jm—wj >0,i=1,23,4,
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4
E T, = ].7
i=1

m >0,1=1,23,4,

Moy HE, =arg min  (w X pr, — (1 —w)og,),
l‘a,ij 7.U'E,L'j

s.t. R2 = WTFH +7T;F12 +7T§F21 + TrZFQQ,

4 4

Lbg (Z a;;m; — 7rj*> + koy (Z ATy — 71';) >0,i=1,2,3,4,
i=1 i=1

lbij < ay; < ubij,

4

*
E m =1,
i=1

F>0,i=1,2,34. (8)

R

4 Numerical Examples

In this subsection, three numerical examples are used to illustrate the performance of two-
player repeated games under different types of uncertainty: data certainty, stochastic uncer-
tainty, and cognitive uncertainty. The first example is a classical two-player repeated prisoner’s
dilemma with complete information. Here, the final strategy choices and expected payoffs of
the players are obtained by solving a set of linear programming problems. The second example
extends the two-player repeated prisoner’s dilemma by introducing stochastic uncertainty, where
the input data are influenced by random variables due to external factors. The third example
involves a company’s product development and marketing problem, where differing opinions lead
to the evaluation of multiple data intervals for the marketing team’s revenues and the shifting

market state.

4.1 Deterministic Case

Suppose there are two players involved in a repeated Prisoner’s Dilemma, where player 1
and player 2 each has two strategies, and for different combinations of strategies, players have

different payoffs. We assume that the players’ payoffs for each round satisfy a double payoff

(3,2) (3,1)
(4,2) (2,1))

At the end of a round of the game player 1 and player 2 makes a strategic choice for the

matrix:

next round based on the state he is currently in, can be expressed as:



240 YAN X Y, FENG Y @, WANG X J, et al.

€1 €2

O1|pr 1—-p
Oz |p2 1—po
Os |ps 1—p3
Os|ps 1—py

i fa

Ol 1-aq
O2]q 1—¢
O3 |qs 1—g3
Os|q 1—qa

Here we take p; = 0.5, po = 0.6, p3 = 0.7, p4 = 0.8; q¢1 = 0.4, ¢ = 0.5, g3 = 0.6, ¢4 = 0.7,

the corresponding state transfer probability matrix is:

02 03 03 02
03 03 02 02
0.42 0.28 0.18 0.12
0.56 0.24 0.14 0.0

In this case, we use Egs. (1), (2) to solve it, which is a typical linear programming problem,
and get the result, as shown in Table[3}

Table 3 Results under deterministic data

Stationary distribution pi 0.3345; 0.2860; 0.2195; 0.1600
Long-term average reward for playerl 2.4874
Long-term average reward for player2 2.3866

The results show that the two players have their respective optimal payoffs when they are in
state O1, O2, O3, O4 with probabilities of (0.3345; 0.2860; 0.2195; 0.1600), which are 2.4874 and
2.3866, respectively.

4.2 Stochastic Uncertainty Case

In game theory, particularly in repeated game scenarios, players’ payoffs and state transition
probabilities can be influenced by uncertainties. For instance, the exact probability of an oppo-
nent’s strategic choices or changes in environmental variables may be unknown. To address this
uncertainty, robust optimization methods are employed. In this context, we treat the players’
payoff matrices and state transition probabilities as random variables, assuming that the payoffs
for both players follow a normal distribution E, F' ~ N(u,0?). Consequently, the overall state
transition matrices of the repeated game system are also random. In practical scenarios, other
probability distributions, such as the uniform distribution, might be observed based on different

empirical results. Here, we illustrate this with a numerical example: After an investigation, the
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benefits for player 1 and player 2 when choosing different strategies i,;j are presented in Table

M as below:

Table 4 The payment matrix of two players

player 1 player 2
fi ((10, 1), (8, 1.2)) ((15, 1.5), (12, 1.7))
fa ((20, 2), (18, 2.2))  ((25, 2.5), (22, 2.7))

The payoffs follow a normal distribution, and the transfer probabilities a;; are characterized
by fia;; = 0.5, 04,; = 0.1. In our robust optimization model, we aim to optimize both the mean of
the expected return and the variance of the minimum return. We use a weight coefficient of 0.5 to
balance the return expectation and risk, and a risk preference parameter of 1.96 to represent the
player’s sensitivity to uncertainty. According to the stochastic uncertainty Equations (3) and (4)
presented in Section 3, the optimization problem is solved using MATLAB’s ‘fmincon’ function,
which iteratively determines the optimal solution based on the initial guess and optimization
options. During the optimization process, we may face issues with convergence to a feasible point
due to the inherent randomness of input variables, which can lead to results that are locally
optimal rather than globally optimal. To address this, we can refine initial conditions, adjust
parameters, set random seeds, or increase the number of iterations to enhance the prediction of
optimization results and better analyze strategy selection.

The results are shown in Table[5] with both players focusing on choosing the last strategy:

Table 5 Results under randomized uncertainty data

Optimal pi Optimal objective value
Player 1 0.0401 0.2458 0.1233 0.6597 10.8496
Player 2 0.0257 0.2097 0.1115 0.6532 8.8829

We performed several parameter adjustments during the optimization process and conducted
12 sets of tests with about 10 iterations per set, which resulted in a relatively fast optimization.

In a robust optimization model, w is a weighting parameter used to balance the expected
return and risk in the objective function, thus affecting the final strategy and outcome. The
change in expectation and risk is analyzed for different values of the weights, as shown in Figure
Figure [3}

Obviously, as w approaches 1, the objective function increasingly prioritizes expected returns
over risk. Consequently, the optimization process will favor strategies with higher expected
returns, even if they involve greater risk. Conversely, as w approaches 0, the objective function
shifts its focus towards risk avoidance, placing less emphasis on expected returns. This leads the
optimization process to favor strategies with lower risk, even if they yield lower expected returns.

When w is approximately 0.5, the objective function maintains a balanced emphasis on both
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Expected payoff vs. w
24 p‘ P y T

22

n
o

Expected payoff ( ;LH)

Figure 2 Changes in expectations with different weights

Risk vs. w
2.2 T T

Figure 3 Changes in risk with different weights

expected return and risk, resulting in strategies that represent a compromise between the two.
By varying w, one can observe how changes in expected return and risk are affected. Typically,
an increase in w leads to higher expected returns and greater risk, while a decrease in w results
in lower expected returns and reduced risk. These observations align with the expectations set
by the robust optimization model.

Next adjustments k, observing changes in players’ strategies under different risk preferences:

As shown in Figures[d] and[5] it is evident that players consistently favor the last strategy,
regardless of the value of k. The proportion of 7, is consistently the largest, which is consistent
with our numerical case. This indicates that players prefer state O4, which offers both high

payoffs and high risk, it is optimal for player 1 and player 2 to choose (ez, f2).
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Figure 4 Changes in player 1’s strategy under different risks
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Figure 5 Changes in player 2’s strategy under different risks

In summary, these graphs illustrate how the risk preference parameter k£ impacts a player’s
expected return and risk within a robust optimization model. This understanding is crucial for

developing rational strategies that effectively balance returns and risks.

4.3 Cognitive Uncertainty Case

A company is developing a new app, with two teams: the product development team (player
1) and the marketing team (player 2), collaborating to ensure a successful launch. However, the
market environment and internal decisions are fraught with uncertainties. Each team must make
critical decisions every quarter, with their benefits influenced by market demand, competitor
behavior, and various other factors. These decisions impact not only the current quarter’s
revenue but also the market state in subsequent quarters. The revenue matrices E for the
product development team and F' for the marketing team represent their potential returns under

different strategy combinations. The state shift probability matrix A shows the likelihood of
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market state transitions under these strategies. The diverse opinions within the teams result
in evaluating our matrices with multiple data intervals, as shown below. We aim to find the
optimal outcome using Equations (5) and (6).

Player 1’s payoff matrix E:

The state transfer probability matrix A:

0.1,0.3],[0.2,0.4]} {] 1 ]
0.2,0.4],[0.3,0.5]}  {[0.1,0.3],[0.2,0.4]
[0.3,0.5],[0.4,0.6]}  {[0.4,0.6],[0.5,0.7]
0.4,0.6],[0.5,0.7]}  {[0.3,0.5],[0.4,0.6]

0.2,0.4],]0.3,0.5]}  {[0.3,0.5],[0.4,0.6]
[0.4,0.6], [0.5,0.7]
[0.1,0.3],[0.2,0.4]
0.2,0.4], [0.3,0.5]

[0.4,0.6], [0.5,0.7]
[0.3,0.5], [0.4, 0.6]
0.2,0.4], [0.3,0.5]
[0.1,0.3],[0.2,0.4]

{ oA poA } }
a- |1 A oA } }
{ P oA } }
{ bAoA } }

A A A A

Results are shown in Table[6t

Table 6 Results under randomized uncertainty data

Optimal strategy pi 0, 0.5, 0, 0.5
Optimal objective function value of 1 0.625
Optimal objective function value of 2 0.375

In this case, before performing robust optimization according to Equations (5) and (6), it is
necessary to calculate the mean and variance of the multi-interval data involved. This process

utilizes the methodology proposed by Zaman et al., i.e:

— 1 & 1 «
E = E iillbi]‘,ﬁ l_glub”‘| ,
2
Var(E) 1 En ! g b <z <ub
ar = max — XTi— — X ij S Tj S UDG .
T1,@2, T | T nj:l J I /

where n is the number of elements. From the optimization results, it is evident that the optimal
value for player 1’s objective function is achieved at 0.625, with player 2’s objective function
peaking at 0.375 when the chosen strategy is (0, 0.5, 0, 0.5). The methodology of the solution,
as delineated in Section 3.3, entails addressing the inner-layer optimization problem to identify
the most adverse scenario for the objective function, given the initial strategy. Subsequently,
the strategy is revised based on the results of the inner optimization, and the outer optimization

is reinitiated to enhance the objective function. This iterative approach is employed to pinpoint
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the scalar value that meets the criteria of the objective function, persisting until the convergence
is attained.

Different values of w have a significant impact on the player’s expectation pg,, g, because
w reflects the player’s trade-off between benefit and risk. Specifically, the value of w determines
the weights of return and risk in the objective function, which affects the choice of the optimal
strategy m;, and ultimately pr,, tr,. In order to analyze the effect of different w on the player’s
expectation (the variance is uniformly taken as the upper bound), we can set different values of
w, run the optimization algorithm, and observe the corresponding pg,, g, values for different

values of w:

25

05

Expected revenue Ha

-0.5 1

15 I I I I
0 0.2 0.4 0.6 0.8 1

Value of w

Figure 6 Expectations of player 1 with different weights

3.5

251

Expected revenue Hgo

15 I I I I
0 0.2 0.4 0.6 0.8 1

Value of w

Figure 7 Expectations of player 2 with different weights

Obviously, as w increases, the dependence of the objective function on the player’s expecta-
tion increases, which leads to the optimal ug,, g, increasing linearly with w.
The example illustrates that uncertainty is a common problem in business decisions, such as

fluctuations in market demand, competitor behavior, etc. In the actual decision-making process,
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interval data often appear due to incomplete information or differences in evaluation methods.
Handling it with the help of robust optimization methods is a good choice to provide a more
robust basis for decision making. In the subsequent research, for such practical problems, we
should cell phone relevant data as much as possible and conduct detailed analysis before making
decisions to reduce uncertainty. Clarify the risk preferences and set the weighting parameters
in a joint effort to balance the risk and return. Decision support systems can also be developed

or used to help decision makers analyze data, build models and optimize more effectively.

5 Conclusion and Recommendation

In this paper, we discuss two-person repeated games under both complete and incomplete
information. We construct a linear programming formulation for the certain case using a Markov
decision process. For uncertain data under incomplete information, we employ a robust opti-
mization approach that accounts for parameter uncertainties, seeking an optimal solution within
these uncertainties. Robustness is defined as optimizing the mean and minimizing the variance
of the objective function. We develop robust optimization formulations under both stochas-
tic and cognitive uncertainty, addressing scenarios where uncertain data are represented as
either random variables or interval data. Our proposed method is more general than previous
approaches, capable of handling various types of data, including deterministic (point-valued),
selective (described by exact probability distributions), and cognitive (represented by single or
multiple interval data). Additionally, given the uncertainty of input variables, we compute the
mean and standard deviation of the game values to facilitate risk-averse decision-making when
selecting strategies. In our numerical experiments, we observe that the solution of the model
requires continuous iteration from an initial value, suggesting potential for significant improve-
ments in algorithm selection and solution speed. Future work can explore a wider range of game
types and address the combined cases of point-valued, random-valued, and interval-valued data

simultaneously.
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